We describe a new approach to the hard rod model and construct a Ruelle-Mayer type transfer operator which satisfies a dynamical trace formula. This yields a meromorphic continuation of the dynamical zeta function in two variables among them the inverse temperature.
Introduction
The hard rod models (HRM) describe one-dimensional particles moving along the real line under the influence of a two-body interaction. The particles have a positive finite diameter and are assumed to be solid (hard), thus cannot overlap each other. Usually ( [3] , [7] , [8] ), the HRM is modelled as particle system with a continuous configuration space. We introduce a new approach to the HRM, namely we give a modelling as a one-dimensional one-sided subshift, i. e., as a spin chain, where the spin variable is understood as the location of a rod relative to a lattice point. Our modelling enables us to use the machinery developed in [5] for two special classes of long-range interactions. These contain exponentially decaying interactions. We construct a transfer operator and prove a dynamical trace formula for the sequence Z n (β) n∈N of partition functions depending on a parameter β ∈ C, the (complexified) inverse temperature. Using [5] we show that Ruelle's dynamical zeta function ( [11] , [12] ) (1) ζ R (z; β) := exp
can be extended meromorphically to (z, β) ∈ C 2 . In order to apply the transfer operator method for long-range interactions, one has to work with periodic boundary conditions, [7] or [10, 1.3] . The partition function Z n for our hard rod type model is defined by the interaction energy of n rods of diameter 0 < a ≤ b inside the box [0, nb] and their interactions with the periodically extended spin configuration outside the box. We mention the first transfer operator approach for the HRM by D. Mayer and K. Viswanathan in [8] who studied purely exponentially decaying interactions. They are using the grand canonical partition function Z n for the system with periodic boundary conditions. By long and explicit calculations they derived a different transfer operator and a different trace formula which did not allow them to show that the associated dynamical zeta function has a meromorphic extension except for vanishing interaction.
Hard Rod Models
We define a hard rod model or hard rod subshift (F, ν, A a,b , A (∆) ) to be a spin chain, cf. [13] or [10] , described by the following data: Let F ⊂ R be a (not necessarily bounded) interval containing zero equipped with a finite measure ν. For a, b > 0 we define the transition function
The left shift τ :
With an observable, i. e., a continuous bounded function A : Ω → C, we associate a partition function
where ξ 1 . . . ξ n := (ξ 1 , . . . , ξ n , ξ 1 , . . . , ξ n , . . .) and ξ n+1 := ξ 1 . We will consider observables of the form
for a given function ∆ : R → C with a suitable decay ensuring that the above series converges. We interprete a as the length of the hard rods, A (∆) (ξ) as the sum of two-body interactions between the first particle and the rest of the half line, and F as the set of possible locations of a rod relative to the lattice points as we will explain next.
) be a hard rod subshift and p :
(ii) Let ξ ∈ Ω and i ∈ N, then
(iii) If a > b, then Ω does not contain any τ n -periodic sequences. 
Proof. For the first assertion observe that by definition ξ ∈ Ω if and only if
The second assertion is easily verified by induction. The third one is an immediate consequence of the second: Suppose a > b and
Given a configuration ξ = (ξ i ) i∈N ∈ F N , p(ξ) i = ξ i + ib is the position of the (left edge of the) i-th rod. Hence ξ i is the position of the i-th rod relative to the lattice point ib. Then Prop. 2.1 (i) says that allowed configurations are precisely those for which the rods do not overlap. This justifies our naming hard rod model. The partition function Z n (A (∆) ) depends on the values of the observable A (∆) on τ n -periodic sequences. Because of Prop. 2.1 (ii) we assume that 0 < a ≤ b.
n -periodic sequences in position space. Sinceτ n η = η holds if and only if η(i + n) = nb + η(i) for all i ∈ N, our notion of periodic boundary condition differs from that in [8] .
for all x ∈ R, δ is non-increasing, and j∈N δ(aj) < ∞. The observable A (∆) : Ω → C (4) associated with ∆ is bounded by a constant which does not depend on F .
Proof. Let ξ ∈ Ω and i ∈ N. Then Proposition 2.1 (ii) implies
Now the assumptions on ∆ and δ show
which is finite.
Examples of hard rod interactions A (∆) for which Proposition 2.2 applies are, for instance, ∆(x) = λ x p(x) for some polynomial p ∈ C[x] and λ ∈ C with 0 < |λ| < 1 or ∆(x) = (|x| + ) −s for some s > 1.
Transfer operators
In the following we fix a hard rod shift (F, ν, A a,b , A (∆) ) and consider two special families of distance functions ∆.
Remark 3.1. Let G be a bounded invertible operator on a Hilbert space H. Suppose there exists a cut, i. e., a path γ connecting zero with minus infinity, which avoids spec(G), which, for instance, happens if G has discrete spectrum. Then on C \ γ there exists a holomorphic logarithm and hence G x for x ∈ R is well-defined by the holomorphic functional calculus
x for x > 0. The spectrum of G is contained in the annulus centered at zero with radii ρ 1 := ρ spec (G −1 ) −1 and ρ 2 := ρ spec (G). Let > 0. By deforming the contour α we can assume that ρ 1 − < |z| < ρ 2 + for all z ∈ α. A standard estimate shows that
This shows the claim and, similarly,
Moreover, ρ spec (G x ) and, by a similar argument, G x tend to zero as x tends to infinity.
Lemma 3.2. (A)
Let G be a bounded invertible operator on a Hilbert space H with spectral radius less than one and discrete spectrum. Let v, w ∈ H and define ∆ :
In both cases the defining series of the observable converges absolutely and can be represented as
Proof. In both cases the function ∆ is dominated by δ(x) := G x v w . We claim that δ satisfies the summability condition ∞ j=1 δ(aj) < ∞ from Proposition 2.2. Then for any ξ ∈ Ω one has
It suffices to show that lim j→∞ G aj 1/j = ρ spec (G a ) < 1. In case (B) this holds by assumption. In case (A) we use Remark 3.1. Lemma 3.2 is the key step in our construction of the transfer operator for the HRM. We apply the methods from [5, Sec. 5] setting
and q x := 0.
Then [5, Thm. 5.3] shows that the iterates M n β of the Ruelle-Mayer type operator
are eventually of trace class on L 2 (F, dν)⊗F(H) under the following two conditions: First, the operator G b belongs to some Schatten class S p (H) for p < ∞, defined for instance in [4] . For interactions of type (A) this, together with the invertibility of G required in Lemma 3.2, implies that H is necessarily finite dimensional. Secondly, an integrability condition holds true, which depends on the following data: For all n ≥ n 0 such that G no b < 1 and x = (x 1 , . . . , x n ) ∈ F n we set -according to [5, equations (24) , (25)
For sufficiently large n we define the associated function c(n; ·) :
c(n; x) := exp 2Re(q(n;x))+π a(n;x)
) be a hard rod subshift associated with ∆ :
Suppose there exists n ∈ N such that F n c(n; x) dν n (x) < ∞.
(i) Then there exists an index n 0 ∈ N such that for all n ≥ n 0 the iterates M n β ∈ End L 2 (F, dν)⊗F(H) of the Ruelle-Mayer type operator M β (6) are of trace class and satisfy the dynamical trace formula
(ii) The dynamical zeta function ζ R (z; β) := exp 
where the λ j 's are the eigenvalues of G b . The operator M β and thus the de-
no converges locally uniformly in β as d → ∞, one shows along the lines of [5, Lemma 1.3] that the sequence of holomorphic functions f d : β → α∈{0, 1} d det no (1 − zλ α M β ) converges locally uniformly as d → ∞ and hence zeta is a meromorphic function in β ∈ C, too.
In the following we investigate the two families of hard rod models introduced in Lemma 3.2. We begin with type (A). Using Remark 3.1 one confirms that the sum a x + b x defined in (5) is of order ρ spec (G b ) −|x| as |x| → ∞. Hence c(n, ·) grows double-exponentially, i e. like exp(exp(C|x i |)) with C > 0, in each direction |x i | → ∞. In order to apply [5, Thm. 5 .3] we have to require that F n c(n; x) dν n (x) < ∞ for all n ≥ n 0 , i. e., the a priori measure ν on F has a strong decay at infinity. In the following we will characterize the class of distance functions. (i) There exist λ k ∈ D × := {z ∈ C; 0 < |z| < 1} and polynomials
(ii) There exists a finite dimensional Hilbert space H, an invertible operator G on H, and vectors v, w ∈ H such that ∆(x) = G x v|w .
The proof of Proposition 3.4 is based on the following Lemma.
Lemma 3.5. Let p ∈ N 0 and B (p) ∈ Mat(p+1, p+1; R) be the unipotent (lower) triangular matrix with entries
Then for all z ∈ C the matrix (B (p) ) z defined via holomorphic functional calculus is given by 
